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Abstract

Quantifying uncertainty is fundamental to reliable inference in statistical learning, especially in
binary classification where models estimate probabilities for class membership. This thesis inves-
tigates the construction of Confidence Bands (CBs) for Receiver Operating Characteristic (ROC)
curves, which are widely used to evaluate classifier performance. We establish a mathematical
connection between ROC curves and conditional Cumulative Distribution Functions (CDFs), en-
abling the problem of ROC curve uncertainty quantification to be addressed through established
statistical techniques for CDFs.

We develop and compare three approaches for constructing CBs for ROC curves: bootstrap
CBs, Beta-Binomial CBs, and Monte Carlo CBs. The bootstrap method generates empirical
CDFs through resampling, providing consistency with classical concentration inequalities but is
limited by sampling bias in the calibration set. The Beta-Binomial approach adopts a Bayesian
framework, constructing posterior distributions over conditional CDFs by incorporating confusion
matrix elements, thus reducing sampling bias but introducing sensitivity to prior choice. Our pri-
mary contribution, the Monte Carlo CBs method, leverages the Probability Integral Transform and
properties of order statistics to provide distribution-free, finite-sample guarantees for the uncer-
tainty in ROC curves, overcoming both sampling bias and reliance on asymptotic approximations.

We formally analyze the theoretical properties of these methods, demonstrating that Monte Carlo
CBs uniquely satisfy conditional coverage, finite-sample validity, distribution-free behavior, and
variance adaptivity. Empirical validation on both synthetic and real-world datasets confirms that
Monte Carlo CBs maintain their theoretical guarantees across varying sample sizes and signifi-
cance levels. This work advances the statistical theory of uncertainty quantification for functional
objects and provides practical tools for robust ROC curve analysis in binary classification.
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1 Introduction

In statistical learning, quantifying uncertainty is crucial for reliable decision-making.
This is particularly important in binary classification tasks, where models estimate the
probability of an instance belonging to a specific class. However, these probability esti-
mates are often unreliable, a model output of p = 0.7 cannot necessarily be interpreted
as the instance having a 70% chance of belonging to the positive class [GPSW17].

Evaluating binary classifiers often relies on the ROC curve, which plots the TPR against
the FPR at various threshold settings. A key insight, and one central to this thesis, is
that both TPR and FPR can be represented as CDFs, see Section 2. This mathematical
framework allows us to approach the problem of ROC curve uncertainty quantification
through the lens of CDF uncertainty estimation, a well-established area in statistical
theory [Mas90, BK89, DW22, SP16, CB12].

1.1  Aim of the Thesis

The primary aim of this thesis is to investigate, develop, and compare statistical tech-
niques for quantifying uncertainty in CDFs. This exploration is particularly motivated
by the fact that the ROC curves can be represented as conditional CDFs, see Section 2.
By focusing on the uncertainty quantification of CDFs, we aim to build a principled
foundation for understanding the reliability of ROC curve estimates.

The central goal of this work is:

Developing statistical techniques that can provide theoretically sound,
practically applicable, and robust uncertainty quantification methods
for ROC curves.

To address this, we will explore methods for constructing CBs for ROC curves by lever-
aging uncertainty quantification techniques for their underlying CDF representations.
The methods developed or analyzed in this thesis are intended to satisfy several desir-
able properties, ensuring that the resulting uncertainty estimates are both meaningful
and trustworthy:

* Conditional Coverage: Any new ROC curve from a test set lies within the CBs
with high probability.

* Finite Sample Guarantee: The CBs should be valid for any finite sample size of
the calibration set, including very small where existing methods fail.
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* Distribution-Free: The CBs should not rely on strong distributional or model
assumptions. Furthermore, they should be invariant to the specific datasets and
classifier.

* Variance-adaptive: The width of the CBs should adapt to the uncertainty of the
ROC curve for all thresholds.

1.2 Challenges in CDF Uncertainty Quantification

Despite the importance of uncertainty quantification for CDFs in general and ROC
curves in particular, constructing CBs that satisfy the properties mentioned above re-
mains challenging. Several fundamental difficulties explain this research gap:

* Functional objects: Both CDFs and ROC curves are functional objects rather
than point estimates, requiring methods that can provide uniform guarantees across
the entire domain.

* Functional uncertainty with single realization: ROC curves represent classifier
performance over an entire dataset rather than individual predictions, and each
dataset produces only one ROC curve. This creates the challenge of quantifying
uncertainty about a functional object with effectively one observation, making
standard uncertainty quantification methods inadequate.

* Distributional assumptions: Traditional statistical approaches often rely on strong
distributional assumptions that may not hold in the general case.

* Finite sample size: The number of samples available for calibration is often lim-
ited, making it challenging to rely on asymptotic properties.

These challenges have limited the development of rigorous methods for constructing
CBs with well-defined statistical properties.

1.3 Applications in Healthcare

The theoretical framework developed in this thesis has significant practical applica-
tions, particularly in healthcare. For example, in cardiovascular disease detection, which
caused an estimated 17.9 million deaths in 2019, representing 32% of all global deaths
[Wor24]. Machine learning models are increasingly applied to ECG data to predict
patient outcomes [GOD"23, LRP*21, Hab22, GGL*22].
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In such high-stakes clinical applications, different points on the ROC curve represent
different trade-offs between sensitivity (detecting all positive cases) and specificity (avoid-
ing false alarms), which directly translate to trade-offs between medical costs and pa-
tient risks. Reliable uncertainty quantification through CBs can help clinicians make
more informed decisions about these trade-offs.

1.4 Methodology and Approach

To overcome the challenges in ROC curve uncertainty quantification, we explore five
techniques: conformal prediction, bootstrap, Bayesian approaches, concentration
inequalities, and GoF tests. Crucially, these methods operate as post-processing steps,
relying solely on the model’s predicted probabilities p; and the corresponding true labels
¥, obtained from a calibration set, without requiring refitting the original classifier.

By leveraging the CDF representation of ROC curves, we can apply established statis-
tical techniques for CDF uncertainty quantification to address our specific problem.

1.5 Contributions

The thesis makes several contributions:

* It identified the uncertainty quantification of ROC curves as a problem of CDF
uncertainty quantification, see Section 2.

* It explores the possibility of using a Bayesian framework to construct CBs for the
ROC curve, see Section 4.3.2.

* It improves upon previous state-of-the-art methods in GoF tests for constructing
CBs for CDFs [DW22, SP16] by achieving conditional coverage and finite sample
guarantee, see Section 4.3.3.

This work provides not only theoretical advancements in uncertainty quantification for
binary classification but also practical tools that can be applied in various domains where
reliable decision-making under uncertainty is crucial. As mentioned previously, the
methods developed are general and can be applied to any domain where binary classifi-
cation and uncertainty quantification for CDFs are relevant.

For readers interested in the code, it is available at https://github.com/SunAndClouds/
masters-thesis.git.


https://github.com/SunAndClouds/masters-thesis.git
https://github.com/SunAndClouds/masters-thesis.git

2 Background

This section provides the necessary mathematical background that serve as building
blocks for our methodology. We begin with foundational concepts of binary classifi-
cation performance metrics, followed by an exploration of uncertainty quantification
approaches that will be applied to ROC curves.

2.1 Cumulative Distribution Functions

The concept of a CDF is fundamental to probability theory and statistics, providing a
complete description of the probability distribution of a random variable. This section
formally defines the true CDF, its empirical counterpart derived from data, and explores
the relationships between ordered random variables and these CDFs.

2.1.1 The True CDF

Let X be a random variable, assumed to be drawn from a specific, underlying (but
possibly unknown) probability distribution. Its true CDF, denoted as F'(t), is defined as
the theoretical probability that X takes on a value less than or equal to ¢:

F(t) =P(X < t).

This function F'(t) fully characterizes the probability distribution of X . It is a theoretical
construct representing this underlying probability law. In practical scenarios, F'(t) is
often unknown and needs to be estimated from observed data. A CDF F'(t) possesses
the following key mathematical properties:

* Non-decreasing: For any ¢, < to, F((t;) < F(t3).

* Right-continuous: For any ¢, lim;, .o+ F'(t + h) = F(t).

 Limits: lim, , ., F'(t) =0 and lim;_,, F'(t) = 1.

2.1.2 The Empirical CDF

Given i.i.d. samples { X1, ..., X,,} drawn from the distribution whose true CDF is F'(¢),
the ECDF, denoted as F),(t), is defined as the proportion of observations in the sample
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that are less than or equal to ¢:
1 n
Fn t) = — ]l Xi < t 5
() =5 1<

where 1[-] is the indicator function. The ECDF F,,(t) is a piece-wise constant function
that serves as a non-parametric estimator of the unknown true CDF F'(¢). The Glivenko-
Cantelli theorem, states that F,,(¢) converges uniformly to F'(¢) almost surely as the
sample size n — oco. That is,

sup |[F,(t) — F(t)] =0 as n — oo.

teR
We can view the ECDF F,,(t) from a single dataset as one instance from the many
possible ECDFs that could be computed from samples of size n. While the true CDF
F(t) represents the expected value of such ECDFs, any individual ECDF F,,(t) provides
a single estimate. The Glivenko-Cantelli theorem assures us that this single estimate
becomes increasingly accurate as the sample size n grows.

2.1.3 Order Statistics

When analyzing samples from a distribution, it is often useful to consider the order
statistics, which are the sample values arranged in ascending order. Given our sam-
ple {X1, X5, ..., X, }, the ordered values are denoted as { X (1), X(2), ..., X(n)}, Where
X =X = = X,

Order statistics provide critical information about the sample distribution, including
extremes, quantiles, and the overall shape. The i-th order statistic X ;) represents the
i-th smallest value in the sample, and its properties are essential for both theoretical and
practical considerations.

2.1.4 Relations Between Order Statistics and CDFs

We now explore the connections between order statistics and CDFs.

Relation to the True CDF: The PIT is a result in probability theory that connects
random variables to uniform distributions through their CDFs. If X is a continuous
random variable with a strictly increasing CDF F'(¢), then the random variable Y =
F(X) follows a standard uniform distribution.

Formally, for any u € [0, 1]:

P(F(X) < u) = F(X < F~Y(u)) = F(F~'(u)) = u
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which is precisely the CDF of a uniform distribution on the interval between 0 and 1.

When applied to order statistics, the PIT provides a crucial theoretical foundation.
Consider a set of n i.i.d. samples {X;, Xs,..., X, } from a continuous distribution
with CDF F. If we apply the PIT to each observation, defining ¥; = F(X;), then
{Y1,Ys,...,Y,} are i.i.d. uniform random variables on the interval between 0 and 1.

When these transformed uniform variables are arranged in ascending order, the resulting
order statistics {Y(1), Y(2), ..., Y(n)}, Where Y1) < Y5y < -+ < Y, follow a Beta
distribution [Run12]:

Y ~ Beta(i,n —i + 1).

Relation to the Empirical CDF: Using order statistics, the ECDF can be expressed in
a piecewise constant manner:

0, ift< X(l)
Fn(t): %, ifX(i) §t<X(i+1) fori=1,2,...,.n—1
1, ift> X,

This formulation highlights a crucial property of the ECDF: it is a step function that
“jumps” by % at each observed data point X ;). These jumps occur precisely at the order
statistics of the sample, making the values F},(X(;)) = % for each order statistic. The
ECDF thus explicitly depends on the order statistics, which define both the locations of
the jumps in the function and the values of the function at those points.

2.1.5 Adaptive Thresholds and Fixed Grids

When working with ECDFs, there are two main approaches to choosing evaluation
points, each with distinct advantages:

Adaptive thresholds approach: The ECDF is evaluated at the observed order statistics
{Xq), X(2),-.., X} This approach captures exactly where the “jumps” in the CDF
occur and is particularly useful for discrete or highly skewed distributions. The CDF
values at these points are simply F,,(X(;)) = *. Alternatively, we can plot the ECDF
using the following formula:

Fn Xz - Xz y
(X)) ( 0 n)
forallz = 1,2,...,n. This approach is accurate as it measures the exact points where

the CDF changes its value. However, it might introduce comparison challenges as each
ECDF will be evalauted at different values.
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Fixed grid approach: The ECDF is evaluated at predefined, equally spaced points
T = {t1,ta,...,t7} that form a uniform grid over some interval. The primary moti-
vation for this approach is ensuring consistent dimensionality across different samples.
This is benificial when employing bootstrap, as the resampled dataset will likely con-
tain duplicates, resulting in fewer unique threshold values if using adaptive thresholds.
This inconsistency hinders computing statistics (like variance or quantiles) across boot-
strap samples, as it requires evaluation at identical threshold points. Another advantage
of fixed grids is that they ensure coverage over the entire theoretical domain, which
adaptive thresholds might miss if extreme values are not present in a particular sample.

2.2 Confusion Matrix Elements

Let D = {(pi, v;) }}_, be a dataset where p; represents the predicted probabilities from
a claffier and y; € {0, 1} denotes the binary labels. To obtain binary predictions, we
apply a threshold ¢ € [0, 1] such that the predicted label is ¢; = 1[p; > t].

The performance of a binary classifier is typically evaluated using elements of the con-
fusion matrix. The TPs count instances correctly predicted as positive, defined as:

n

TP(t) = > 1[p: > ] - Uy = 1].

i=1
Similarly, FPs count instances incorrectly predicted as positive:

n

FP(t) = ) 1[p; > t] - Lfy; = 0].

i=1
FNss represent instances incorrectly predicted as negative:

n

NG = S 10 < 1] 1y = 1),

=1

Finally, TNs count instances correctly predicted as negative:
TN(t) =Y 1[pi < ] Ly = 0].

These confusion matrix elements can be elegantly expressed in terms of ECDFs. Let
F,,(t) and F,,,(t) be the conditional ECDFs of the predicted probabilities for positive
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and negative instances, respectively:

Fm(t) aZﬂ[AZSt] ]l[yzzl]
Fuf) = =105 <) 1 =0

=1

where ny = Y ' | 1[y; = 1] and ng = Y, 1[y; = 0] are the numbers of positive
and negative instances, respectively. Using these ECDFs, we can rewrite the confusion
matrix elements as:

TP(t) = ny - (1 — F,, (1))
FP(t) = ny - (1 — Foy (1))
EN(t) = ny - Fy, (1)
TN(t) = g - Fog (£)

From these elements, we derive two critical performance metrics. The TPR, represents
the proportion of actual positives correctly identified:

TP(t (1= F, (t
TPR(t) = ®) _ (D) _ 1—F,, (1)
TP(t) + FN(t) ny
The FPR, represents the proportion of actual negatives incorrectly classified as positives:
FP(t (1= F (t
FPR(t) = (B ol D) 1 _ k),
FP(t) + TN(¢) no

In the following section, we will see that the ROC curve can be formulated in terms of
these conditional ECDFs.

2.3 ROC Curve

ROC curves provide a graphical representation of a binary classifier’s performance
across various threshold settings. They can be formulated in terms of conditional ECDFs,
establishing a strong theoretical connection between classifier evaluation and statistical
theory.

Let F,, (t) and F},,(t) be the ECDFs of the predicted probabilities for positive and neg-
ative instances, respectively, as defined earlier. The ROC curve can then be defined as a
parametric curve through a functional relationship with these ECDFs:

ROC(t) = (1 — F,,(t),1 — F,, (1)),
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for all ¢ € [0,1]. An alternative formulation can be obatined by a variable substitution
t'=1— F,,(t), yielding:

ROC(t) =1— F,, (F,'(1—1)).

Each point on the ROC curve corresponds to a specific threshold value, with the curve
typically starting at the point (0,0) for the strictest threshold (¢ = 1) and ending at (1,1)
for the most lenient threshold (¢ = 0).

2.3.1 Properties of ROC Curves

A key insight into ROC curves is that they satisfy the defining properties of a CDF,
albeit in a two-dimensional parametric representation. The ROC curve plots the TPR,
TPR(t) = 1 — F),,(t), against the FPR, FPR(¢) = 1 — F,, (t), as a threshold ¢ varies
over its range. The ROC curve exibits properties similar to a standard CDF:

1. Boundedness: Since F,,, and F),, are CDFs, their values lie in [0, 1]. Conse-
quently, both FPR and TPR are also bounded within [0, 1]. The ROC curve is
therefore confined to the unit square [0, 1] x [0, 1].

2. Monotonicity (Non-decreasing): As the threshold ¢ decreases, F,,,(t) and F},, (t)
are non-decreasing. This implies that FPR(¢) and TPR(¢) are non-decreasing
functions of decreasing ¢. When plotting TPR versus FPR, this ensures that the
curve is non-decreasing; moving rightward (increasing FPR) never results in mov-
ing downward (decreasing TPR).

3. Limits/Endpoints: As ¢ — 1 (strictest threshold), F},,(t) — 0 and F,,,(t) —
0. Thus, FPR(¢) — 1 and TPR(¢f) — 1. As ¢ — 0 (most lenient threshold),
F,,(t) — land F,, (t) — 1. Thus, FPR(¢) — 0 and TPR(¢) — 0.

4. Continuity: The continuity of the ROC curve path depends directly on the con-
tinuity of the underlying score distributions £, and F,,,. If they are continu-
ous, the ROC curve is continuous. If they are discrete or empirical, the ROC
curve is piecewise constant, analogous to ECDFs being step functions (and right-
continuous).

These characteristics demonstrate that an ROC curve, representing the trade-off between
TPR and FPR, behaves mathematically like CDFs conditioned on the labels.
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2.4 DKW Inequality

The DKW inequality, in its tight form established by Massart [Mas90], states that the
probability that the ECDF deviates from the true CDF by less than ¢ at any point is at
least 1 — e:

teR

PGwﬁuﬂ—HMS&%)zkf,

where ;. is given by:
log(2/¢)

Ne=\ "9,

The corresponding CB is given by:

(L (t), Un(t)] = [Fn(t) = 01-c, Fu(t) + 1],
yielding the following theoretical guarantee:

PVt eR: F(t) € [Ln(t),Un(t)]) > 1 —e.

This is a foundational result for constructing finite-sample, distribution-free, uniform
CBs for the true CDF. These properties make its application to ROC curve analysis, and
subsequent refinements, of particular interest.

2.5 Beta Distribution

The Beta distribution plays a central role in our approach to modeling predicted prob-
abilities. It is a flexible continuous probability distribution defined on the interval
p € [0, 1], making it naturally suited for modeling probabilities or proportions. This
inherent range aligns perfectly with the nature of predicted probabilities in binary clas-
sification, where values represent confidence levels between 0 and 1.

The distribution is parameterized by two concentration parameters, denoted as «; > 0
and 3; > 0. Here, p represents a general probability parameter, while the subscript in
the parameters «; and f3; allows for parameterization specific to different contexts or
observations. The PDF of a Beta distribution is given by:

pai—1<1 _ p>5i—1

f p; &y, 62 = ’
( ) B(ai, 5i)
where B(a;, 3;) is the Beta function that serves as a normalizing constant:
' ['(ai)1'(5)
B Qy, D) = @i—l 1-— 'Bi_ld = . ’
(00.8) = [ om0 =) = g2
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with I'(+) representing the gamma function.

The parameters «; and (3; control the shape of the distribution. When «; = f;, the
distribution is symmetric around 0.5, resembling a balanced spread of probability. When
a; > [, the distribution skews to the right, indicating a higher likelihood of larger
values near 1. Conversely, when «; < f3;, it skews to the left, favoring smaller values
near 0. Larger values of both parameters result in a more concentrated distribution,
reflecting greater certainty around a specific value of p, much like a peak narrowing
around a central point.

Key statistical properties of the Beta distribution provide insight into its central tenden-
cies. The expected value, or mean, is given by:

Q;
a; + 5

E[p] =

The variance of the Beta distribution is given by:

a; 3

Vare) = o Bl T B 1)

Additionally, the CDF of the Beta distribution, which computes probabilities over inter-

vals, is:
t Oti—l Bi_l
p* (1 -p)
F(t; as, B; =/ dp.
( ) 0 B(Oéiaﬁi)

2.5.1 Beta-Binomial Conjugacy

When modeling the uncertainty of aggregate counts rather than individual observations,
the Beta distribution serves as a conjugate prior for the Binomial likelihood functionals.
If we model our prior belief about a probability parameter p as Beta(«;, 3;), and we
observe k successes in n trials, then the posterior becomes:

n a;i—101 _ \Bi—1
B(p|D) (k)pm kP B(j& g))

)Bi-‘rn—k—l

Oti+k—1<1 _

xp p

This is proportional to a Beta(a; + k, 5; +n — k) distribution. This conjugacy property
enables straightforward sequential Bayesian updating. The parameters «; and [3; can
be interpreted as pseudo-counts or prior observations, with «; representing the prior
number of successes and [3; the prior number of failures.
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2.5.2 Asymptotic Normality

For large values of the shape parameters a; and [3;, the Beta distribution exhibits an
important asymptotic behavior: it converges to a normal distribution. This property is
particularly relevant for understanding the behavior of Beta-based confidence intervals
as sample sizes increase. Specifically, as «; and 5; become large, the Beta distribution
Beta(«, ;) can be approximated by:

N Q; ;5
Beta(a;, ;) = N <ai + B (a; + Bi)2(c + Bi + 1)>

In the context of Bayesian statistics, this approximation is formalized by the Bernstein-
von Mises theorem, which states that under certain regularity conditions, the posterior
distribution converges to a normal distribution centered at the MLE as the sample size
increases [Was20].

For a binomial likelihood with parameter p and a Beta prior Beta(prior, Sprior), after
observing k successes in n trials, the posterior distribution is Bcf:ta(ozprior +k, Botior + 10—
k). As n becomes large, this posterior approaches:

5(1 — 5
Beta(aprior + k7 ﬁprior +n— k’) ~ N (A, p—( p)>
n

where p = k/n is the MLE of p.

This asymptotic normality has important implications for uncertainty quantification in
binary classification. When using Beta distributions to model conditional CDFs for pos-
itive and negative classes, the resulting confidence intervals at each threshold will, for
large sample sizes, behave similarly to those constructed using normal approximations.

2.6 Bootstrap

Bootstrap methods provide powerful, distribution-free approaches for quantifying un-
certainty in statistical estimates. In the context of ECDFs and their functionals, boot-
strap offers a practical solution for performing uncertainty quantification without requir-
ing parametric assumptions about the underlying data distribution.

Bootstrap works by approximating the empirical distribution of a statistic by resampling
with replacement from the original dataset, typically a calibration dataset. This resam-
pling creates multiple bootstrap samples, each containing n., instances sampled with
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b)

replacement from D,,. For each bootstrap sample Dﬁal ,

ECDFs.

we compute the corresponding

Let £” (t) denote the ECDF computed from the b-th bootstrap sample. Once we have
generated B bootstrap CDFs, we can construct pointwise confidence intervals for each
point in the domain. For a given confidence level 1 — ¢ and point ¢ in the domain, these
intervals are defined as:

Ge/2(t) = Quantile, 5 ({F" (t)}21),  di—e/2(t) = Quantile, o ({E”()}1,).

These quantiles represent the lower and upper bounds at each point in the domain of the
CDF.Beyond the direct quantile-based approach, bootstrap methods also enable vari-
ance estimation for complex statistics without making strong distributional assumptions.
The bootstrap estimate of variance for a CDF is given by:

e D (00— ()

b=1

Var (F,Eb) () =

where Fp(t) = % Zszl £ (t) is the mean across all bootstrap samples.

Under appropriate regularity conditions and as both the sample size n and number of
bootstrap samples B increase, the distribution of the standardized bootstrap estimates

vn (Fng) (t) — F,(t)) approaches a normal distribution. This asymptotic normality en-
ables an alternative construction of confidence intervals:

Folt) = 21cpp - [ Var (FP (1)), Fult) + 21cps -y [ Var (B <t>)]

where z,_. /5 is the (1 — ¢/2)-quantile of the standard normal distribution. Bootstrap
methods for CDFs offer several important theoretical guarantees:

1. Consistency: As both the sample size and number of bootstrap samples increase,
the bootstrap confidence intervals converge to the true confidence intervals of the
population parameters.

2. Distribution-free: They make no assumptions about the underlying distribution
of the data.

3. Asymptotic normality: With a large number of bootstrap samples, the bootstrap
distribution can be approximated by a normal distribution, enabling parametric
inference in non-parametric settings.
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The consistency property of bootstrap is particularly important and can be understood
through the lens of the Glivenko-Cantelli theorem. We can break down the convergence
into three distinct steps:

Convergence of ECDF to True CDF: The Glivenko-Cantelli theorem states that the
empirical CDF (ECDF), F,,(t), converges uniformly to the true CDF, F'(¢), almost
surely as the sample size n — oco. This is expressed as:

sup |[F,(t) — F(t)] £330 as n — oo.
teR

Convergence of Bootstrap ECDF to ECDF: In the context of bootstrap, by resampling
with replacement from the original dataset, the bootstrap samples generate ECDFs,
£ (t), which, by the same Glivenko-Cantelli theorem, converge uniformly to the ECDF
F,,(t) as the number of bootstrap samples B — oco. This can be written as:

sup |[FO(#) — F, ()] 2250 as B — oo.
teR

Convergence of Bootstrap ECDF to True CDF: Since F,,(t) converges to F'(t), we
can apply the triangle inequality to establish that the bootstrap sample CDF £y (t)
will converge to the true CDF F'(t) as both B and n approach infinity. This overall
convergence is formally expressed as:

sup |7 (t) — F(t)| < sup |[FP () — Fa(t)| +sup |[Fa(t) — F(t)] <30, (1)
teR teR teR
as B,n — oo. This step-by-step convergence demonstrates that as our calibration
dataset grows larger and we generate more bootstrap samples, our CBs will increas-
ingly reflect the true uncertainty in the estimation.

When applying these bootstrap techniques to ROC curves, the same mathematical prin-
ciples apply, just to the transformed functions rather than the CDFs directly.

2.7 Conformal Prediction

Conformal prediction is a statistical framework for constructing prediction sets that pro-
vide rigorous, finite-sample coverage guarantees, regardless of the underlying data dis-
tribution. Unlike traditional methods that yield point estimates, conformal prediction
produces a prediction set for a new observation. This property makes conformal pre-
diction a valuable tool for uncertainty quantification in a wide range of applications,
including our context of functional objects and ROC curves.
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At the core of conformal prediction is the concept of a non-conformity score. This is a
function
s:Px)Y—=R,

where P is the set of possible predicted probabilities and ) is the set of possible true
labels. The non-conformity score s(p;, y;) quantifies how different a data point (p;, y;)
is relative to previously observed data (p;,y;). Larger values of s indicate greater non-
conformity, meaning the pair (p;, y;) is less typical relative to the reference.

A central assumption of conformal prediction is exchangeability, which generalizes the
concept of i.i.d. data. A sequence of data points (p;,y;) is exchangeable if, for any
permutation 7 of the indices 1, ..., n, the joint probability satisfies

IP’(zl, .. .,Zn) = ]P)(Zﬂ(l), .. .,Zﬂ(n)),

where z; = (p;,y;). This invariance to permutations ensures that the order of obser-
vations does not affect their joint distribution. Exchangeability is a weaker assumption
than i.i.d., making conformal prediction applicable in broader scenarios while still main-
taining its statistical guarantees.

The importance of exchangeability lies in its role in enabling the coverage guarantees of
conformal prediction. Specifically, it ensures that the non-conformity scores computed
from the data,
. 1
{s(pi, yi) il
are themselves exchangeable. This property is crucial for the validity of generaliza-

tion for a future prediction, as it allows us to make probability statements about a new
observation. The following theorem formalizes this guarantee.

Theorem 2.1 (Conformal Calibration Coverage Guarantee [AB22]). Let {(p;, y:) }1=}
be exchangeable pairs of datapoints. Define ¢,_. as:

TR IL M EL PRSI 1) o
n n
and let
Cpi) ={y: s(biy) < qre} 3)
be the prediction set. Then, for any significance level € € (0, 1),
P(ynt1 € C(Pn+1)) 2 1 — €. “4)

xXxii



3 Related Works

This section reviews a diverse range of literature that informs our approach to construct-
ing CBs for ROC curves. We begin by examining established statistical techniques, in-
cluding parametric methods, which are one of the first attempts to quantify uncertainty
in ROC curves. Subsequently, we explore various bootstrap approaches for generating
CBs. The discussion then moves to the promising yet less developed application of
conformal prediction to ROC analysis, highlighting its potential for finite-sample guar-
antees. Following this, we examine methods specifically aimed at achieving uniform
coverage for ROC curves, such as multiple hypothesis testing corrections and fixed-
width bands. We then explore work on GoF testing as it relates to CB construction.
Finally, we discuss variance-adaptive concentration inequalities, as these mathematical
tools for constructing CBs on CDF-like objects provide important theoretical founda-
tions for our approach.

3.1 Parametric Approaches

Early approaches to ROC curve confidence estimation were primarily parametric, as-
suming specific distributions for the underlying data. The binormal assumption for
test scores enables analytical expressions for confidence intervals and bands [Dem12,
CMO4].

While these parametric approaches offer computational efficiency, they rely on strong
modeling assumptions that may not hold for complex high-dimensional data. Our ap-
proach aims to overcome this limitation by developing methods that maintain validity
regardless of the underlying data distribution and model of choice.

3.2 Bootstrap Methods

Bootstrap methods, whose general principles and mathematical foundations are detailed
in Section 2.6 of the Background, have been widely used for uncertainty quantification
in ROC curve analysis. Here, we focus on how these methods have been specifically
applied to constructing CBs for ROC curves and CDFs, and discuss their limitations in
this context.

The idea of using bootstrap to construct uniform CBs for CDFs themselves, rather
than just specific statistics derived from them, has a strong precedent. Notably, Bickel
and Krieger [BK89] investigated the construction of CBs for a CDF using bootstrap.
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They proposed this as an alternative to the standard Kolmogorov-Smirnov CB, which
is known to be conservative, especially when the underlying distribution £’ is discrete.
Their method involves computing the ECDF F;, from the original sample and then, for
each bootstrap sample, computing its ECDF F?. These samples are then used in con-
juction with F;, to estimate the Kolmogorov statistic:

8 = sup /| FP () = Fu(t)]. (5)

teR

The bootstrap CB is then given by F),(t) £ ¢;_., where §;_. is the appropriate quantile
of 5. Bickel and Krieger demonstrated that their bootstrap CB has the correct cover-
age probability asymptotically and, through simulations, showed that it works well for
small samples and outperforms the conservative approach, particularly for distributions
that have small carriers. Given that the TPR and FPR components of an ROC curve are
essentially conditional CDFs, the work of Bickel and Krieger provides a way to con-
struct bootstrap CBs for ROC curves. In Section 5, we reproduce their results and show
that the bootstrap CB for ROC curves is consistent, serving as a reasonable baseline for

our main method, see Section 4.3.3.

However, the performance of bootstrap in general is bottlenecked by the number of cal-
ibration samples n,. In finite sample settings, there will always be an unquantifiable
uncertainty in terms of the bias between the empirical and the true distribution. This
makes the bootstrap method unreliable in practice where the calibration set is non rep-
resentative relative to the test set.

3.3 Conformal Prediction

Despite the theoretical advantages of conformal prediction for uncertainty quantifica-
tion, particularly its finite-sample guarantees and distribution-free nature, its application
to ROC curves remains relatively limited. Zheng et al. [ZYS24] represent one notable
attempt, but a key step in their method relies on kernel density estimation for construct-
ing prediction sets, making it dependent on bandwidth selection, which introduces a
dependency on the characteristics of the dataset and classifier.

Another attempt to apply conformal prediction for functionals is given by Diquigiovanni
et al. [DFV21]. They demonstrate that given an estimator that finds an approximation
of a set of functionals { f1(?), ..., f.(t)}, it is possible to construct a CB that bounds at
least [n(1 — ¢) | of the functionals with probability 1 —e. They propose non-conformity
scores based on the Kolmogorov-Smirnov statistic that measures the deviation between
each of the functionals, normalized by two different quantities:

¢ Standard deviation of the set of functionals.
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 Maximum deviation of the set of functionals.

They demonstrate the validity of the CBs if multiple functionals are available during
calibration. However, their method is not directly applicable in our case as we only
have access to n¢, samples consisting of individual points of predicted probabilities and
corresponding labels. This will thus only yield a single functional, thus a single non-
conformity score, making the quantile computation non-feasable. However, we did find
their standard deviation based non-conformity score to be a good choice for our method,
see Section 4.3.3.

3.4 Methods for Uniform Coverage

Ensuring CBs provide simultaneous coverage across all thresholds of the ROC curve
is crucial. Several methods address this challenge, often applied in conjunction with
techniques like bootstrap.

3.4.1 Multiple Hypothesis Testing Correction

A common strategy is to adjust pointwise significance levels using multiple testing cor-
rections. The simplest approach, Bonferroni correction, adjusts the significance level £
to /T for T thresholds, but this is often overly conservative, leading to excessively wide
bands. Less conservative methods like the Holm-Bonferroni [Hol79] or the Benjamini-
Hochberg procedure [BH95] offer improvements but still tend towards conservatism and
control different error rates rather than directly guaranteeing uniform coverage proba-
bility for the band itself.

3.4.2 Fixed-Width Bands

Another approach aiming for simultaneous coverage is the fixed-width bands method
[MPROS5]. This non-parametric technique constructs the confidence band by displacing
the entire empirical ROC curve both “northwest” and “southeast” along a specific, pre-
defined slope (often related to the ratio of positive to negative examples). The resulting
band has a constant width when measured along this chosen slope. The required width
is determined empirically using bootstrap resampling: numerous ROC curves are gen-
erated from bootstrap samples, and the width is chosen such that a desired proportion
(e.g., 1 — ¢) of these bootstrap curves fall entirely within the band constructed around
the original empirical curve.
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While methods like multiple testing corrections and fixed-width bands aim for uniform
coverage, they often rely on adjustments or empirical width calculations based on initial
estimations. This contrasts with methods like DKW inequality which aim to directly
construct bands with a guaranteed coverage probability 1 — ¢ by considering the en-
tire function or using concentration inequalities, potentially yielding bounds that better
reflect the true uncertainty structure.

3.5 Goodness-of-Fit Testing

Building upon the principle of adapting to local variance, several GoF tests have been
developed [DW22, SP16, CB12, BM23]. Variance-adaptive methods aim to create
tighter and more informative CBs by incorporating this local variability, making GoF
tests more powerful, especially in the tails.

Early work by Chicheportiche and Bouchaud [CB12] specifically targeted the tail be-
havior of distributions by developing a weighted Kolmogorov-Smirnov test. While pri-
marily providing an asymptotic perspective for GoF, their approach highlighted the ne-
cessity of “accounting for the tails,” a crucial aspect of variance adaptivity.

Stepanova and Pavlenko [SP16] proposed a broad class of GoF test statistics based on
sup-functionals of weighted empirical processes, employing Erd6s-Feller-Kolmogorov-
Petrovski upper-class functions as weights. Their work includes the construction of
CBs derived from these tests, which are inherently variance-adaptive and were found
to perform well. Dumbgen and Wellner [DW?22] introduced an improved approach that
refines existing methods by utilizing multi-scale testing techniques and refined laws of
the iterated logarithm to construct both GoF tests and corresponding CBs.

While these methods are powerful and result in bands that adapt to local variance, their
tightest theoretical guarantees and the practical determination of critical values often
rely on asymptotic theory while the ability to generalize to a future prediction is not
guaranteed.

The key distinctions from the above described methods to the goal of this thesis are:
* Purpose of the Guarantee: The GoF paradigm typically aims to test a hypothesis
about the entire CDF (is F;, a good estimate of F'?) or provide CBs that contain
the true CDF F’' with high probability. In contrast, this thesis seeks to construct

bands for an ROC curve such that a rest ECDF will fall within these bands with a
prespecified probability.

* Nature of Theoretical Guarantees: Many of the variance-adaptive GoF meth-
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ods [DW22, SP16, CB12], while conceptually powerful for assessing fit, establish
their most precise results and practical utility through asymptotic theory. This
thesis, however, prioritizes non-asymptotic, finite-sample guarantees. Such guar-
antees ensures that the stated confidence level holds for the given dataset size
without relying on large-sample approximations.

3.6 Variance-Adaptive Concentration Inequalities

An advancement in variance-adaptive concentration inequalities is the variance-dependent
DKW inequality proposed by Bartl and Mendelson [BM23]. For F' and F;,, they proved
that there exists absolute constants ¢y and ¢; such that:

log1
52 > COM (6)

n

and " P
t)— F(t
P(SUPMS5>21—E, (7)
teR o(t)

where 6 = IHS% This bound adapts to the local variance 02(t) = F(t)(1 — F(t))/n

at each point ¢, providing significantly tighter CBs than the standard DKW bound in
regions where the variance is small. This is particularly relevant for ROC curves, which
often have regions of both high and low variance near the tails of the CDF. We draw in-
spiration from this work when constructing the non-conformity score in Section 4.3.3.
While Bartl and Mendelson establish the theoretical form of this variance-adaptive
bound and prove its optimality up to multiplicative constants, they do not determine
the exact values of ¢y and c;. This limitation makes direct application challenging in
practice.

4 Uncertainty Quantification for CDFs

As outlined in the introduction, our goal is to develop a method that satisfies the follow-
ing properties:

1. Conditional coverage.
2. Finite sample guarantee.

3. Distribution-free.
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4. Variance-adaptive.

We present several methodologies for constructing CBs for CDFs, building up to the
main method proposed in this thesis, see Section 4.3.3.

The construction of ECDFs from finite datasets provides an approximation of the true
CDF, which is a theoretical construct that cannot be directly observed. The true CDF
represents the underlying distribution of the data, and its inclusion in our analysis is
crucial for developing robust statistical methods. To address this, we consider a function
space of CDFs, denoted as F, where both empirical and theoretical CDFs are included.
This space allows us to analyze the behavior of CDFs comprehensively, providing a
framework for uncertainty quantification that includes the true CDF. In the following
section, we extend the conformal prediction framework to functional objects, providing
a theoretical foundation for constructing CBs for CDFs and ROC curves.

4.1 Functional Conformal Prediction

Conformal prediction, originally developed for constructing prediction sets for individ-
ual data points with guaranteed coverage probability, can be extended to handle func-
tionals evaluated at specific thresholds through a framework known as FCP [DFV21].
This extension is particularly valuable for functionals derived from CDFs, such as ROC
curves, where uncertainty quantification across the entire function is desired.

For CDFs and their functionals, we consider a domain of thresholds ¢ € 7 with finite
number of elements. The goal of FCP is to construct a functional prediction set or CBs
C(F,(t)). This set should contain a future function across all thresholds simultaneously
with a specified probability 1 — ¢, that is:

P(VteT:FE() e C(Fu(t) >1—e.
Unlike the point-wise prediction set in standard conformal prediction, which targets a
single label y,,1 for a future datapoint, the CB in FCP encapsulates the entire functional

behavior, providing a region where the true function is expected to lie. We denote the
CB as C'(F,(t)) and it can be represented as [L,(t), U, (t)].

Within this function space, we define the non-conformity measure for CDFs as follows:
s: FxF—=R

This measure quantifies the difference between two functions, providing a basis for
constructing CBs that contain the true CDF with a specified probability.
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Several non-conformity scores can be used within this framework, each offering differ-
ent theoretical guarantees and practical implications:

* Threshold-Wise Quantile: Defines a CB that bounds a specified percentage of
points at each threshold:

s(Fy,, F) = Quantile,__ (|F,.(t) — F(t)]). (8)

* Supremum Norm: Captures the maximum deviation across thresholds:

s(F,, F) =sup|F,(t) — F(t)|. )
teT

This corresponds to a 1.0 quantile coverage.

» Standardized Supremum Norm [DFV21]: The supremum norm divided by the
standard deviation of the ground truth function:
()]

s(Fy, F') = sup M

10
i TS (10

» Standardized L2 Norm: Measures the average deviation over the domain. This
is a more representative measure of how the functionals are distributed as it is
closely related to standard deviation:

s(Fo, F) = | (M)z (11)

teT

Other functional norms or distance metrics can also be considered depending on the spe-
cific kind of theoretical guarantees desired. We will focus on the normalized supremum
norm as it provides CBs that are simultaneously valid across all thresholds.

4.1.1 Dataset-Level Exchangeability

When applying conformal prediction to functionals derived from datasets, we encounter
a fundamental challenge: the standard notion of exchangeability, which traditionally
applies to individual data points, must be extended to entire datasets and the functional
objects derived from them. This extension is necessary because CDFs, ROC curves, and
other statistical functionals are computed from complete datasets rather than individual
observations.
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Consider a dataset D = {(p;, y;)}I., where each data point (p;, y;) is drawn indepen-
dently and identically from a distribution P. For FCP, we typically split D into a train-
ing set Dy.in, a calibration set D,, and a test set Diy. The concept of dataset-level
exchangeability becomes particularly relevant when we consider multiple datasets or
samples used to compute functional objects.

To formalize this extension, we first observe that we are working with functionals evalu-
ated at a finite set of thresholds 7. This discretization allows us to view each functional
object F),(t) as a vector in R!7, which simplifies the theoretical treatment while retain-
ing the practical advantages of the functional perspective.

Two datasets D*) and D) are exchangeable if their joint distribution is invariant to per-
mutation. When these datasets are used to compute functional objects such as ECDFs,
£ () and £ (t), the resulting functional objects inherit this exchangeability prop-
erty. This inheritance is crucial because it allows us to apply the theoretical guarantees
of conformal prediction to functional objects.

The mathematical foundation for this inheritance lies in the properties of ECDFs. The
expectation of any ECDF is precisely the true underlying CDF:

This means that any ECDFs generated from the same distribution are i.i.d. realizations
centered around the true CDF, and are therefore exchangeable. This property extends
directly to the non-conformity scores derived from these ECDFs, which is essential for
establishing the validity of our CBs.

Specifically, if i (1), £ t),..., Joisd (1), FE (t) are ECDFs derived from exchange-
able datasets drawn from the same distribution, then these functional objects themselves
form an exchangeable sequence. This property is the cornerstone that allows us to apply
conformal prediction theory to functional spaces.

In practice, various sampling techniques can be used to generate exchangeable func-
tional objects while maintaining this theoretical framework. Methods such as bootstrap
sampling, Bayesian methods, or Monte Carlo simulation can all produce exchange-
able functional objects as long as the sampling mechanism preserves the exchangeability
property. The specific choice of method affects how uncertainty is quantified, but the
fundamental guarantee of exchangeability remains intact across these approaches.

Given a sequence of exchangeable functional objects, we can compute corresponding
exchangeable non-conformity scores between each functional object and a reference
(such as the ground truth or an approximation thereof) using an appropriate functional
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distance metric:

FO(t) — F(t
S(Frgb),F>:Sup’ () ()’
teT o(t)
The (1 — ¢)-quantile of these scores determines the threshold for constructing CBs:

C(F)={FeF:s(FV,F)<q_.}.

This prediction set defines the CB by including all functions whose non-conformity
score is below the threshold ¢;_., ensuring that the ground truth lies within this band
with probability at least 1 — . Under the assumption of functional exchangeability,
we can extend the rigorous marginal coverage guarantees of conformal prediction to
functionals evaluated at specific points, as formalized in the following section.

4.1.2 Coverage Guarantee for Functional Conformal Prediction

Building on the exchangeability assumptions for functional objects and datasets, we can
adapt the coverage guarantee from Theorem 2.1 to the context of FCP. The following
theorem formalizes this extension, ensuring that CBs for functional data contain the true
function with the desired probability.

Theorem 4.1 (Functional Conformal Coverage Guarantee [DFV21]). Let {(F,(lb), P}t

be exchangeable pairs of functionals where FY) are CDFs derived from the calibration
dataset D.,. Define ¢,_. as:

b:s(F",F) < B+1)(1-
dl_gzinf<q:\ (FDF) sl [B+ 1) €)1>’ 12
and let
C(Fn) - [Fn(t) _qu—EJFYL(t> +qA1—s]7 (13)
be the functional prediction set. Then, for any significance level € € (0,1),
P (FPH) e C(F,)) > 1 —¢, (14)
or equivalently:
P(VteT:|[FPE) - FO)| < qiee) > 1—e. (15)

The proof is identical as in Theorem 2.1, see [AB22].

This theorem extends the marginal coverage guarantee of Theorem 2.1 to functional
objects, providing a theoretically sound basis for constructing CBs for CDFs and ROC
curves under the assumption of exchangeable functional objects and datasets.
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Corollary 4.2 (Functional Variance-Adaptive Coverage Guarantee). Let

o(t) =/ Var(F(t)) >0 (16)

be the standard deviation of the true CDF at threshold t € T. Define the standardized
non-conformity score as:

O

17
i S—T (17

Let G1_. be the (1 — €)-quantile be defined in the same way as in Theorem 4.1. Then for
the prediciton set:

C(Fu(t)) = [F(t) = Gi—c - o(t), Fu(t) + G1—c - o (1)), (18)

we have that:
P(VteT :F(t) e C(Fu.(t)>1—¢, (19)

or equivalently:

P(VteT:|FPE) - Fi) <gie-ot) >1—e. (20)
Proof. The proof follows from Theorem 4.1, with a modified non-conformity score that
accounts for variance at different thresholds.

Given the standardized non-conformity score defined as:

®) gy
teT U(t)

Y

we compute the empirical (1 — ¢)-quantile ¢; . of these scores:

G1—c = inf (q: b S<F’(‘b)’F) <¢ > [(B+1)(1 —5)—|> .

B - B

By the exchangeability of the ECDF samples and applying Theorem 4.1, we have:

P(s(FBHY F) < ) >1—¢

Expanding the non-conformity score definition, the event s(F,gBH) , F) < ¢1_. means:

EE @) — Ft
Sup! (t) ()|§d1_a
teT 0@)
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This is equivalent to:

Vte T :

|E () — F()]
O'(t) S ql—a

Multiplying both sides by o (t), which is positive by definition:

Ve T |[EBH(#) — F(t)| < Gie - o(t)

This inequality is equivalent to stating that for all ¢ € T:

F(t) € [Fa(t) = qie - (1), Fult) + i - 0 (1)) = C(FL(1))

Therefore:
PVteT :F(t) e C(Fu(t)>1—¢

Which completes the proof of the corollary. ]

4.2 General Framework for CBs Construction

Building on the concepts of FCP, we now establish a general framework for constructing
CBs for CDFs. This framework provides a unified methodology that underlies various
sampling approaches for uncertainty quantification of CDFs/ECDFs evaluated at spe-
cific thresholds, minimizing repetition while highlighting the common elements across
methods.

In this framework, we consider the general problem of bounding the difference between
two functional forms: a reference CDF and an observed or sampled CDF. It is important
to note that the precise interpretation of these functions varies across methods. The ref-
erence CDF, denoted as F'(t), represents the true continuous CDF, which serves as the
ground truth. In practice, it may be approximated by the ECDF computed from a cali-
bration set (as in bootstrap methods) or other forms depending on the context. Similarly,
ol (t) represents the b-th ECDF sample derived from sampling from the true CDF F,
essentially resampling an approximation like F),(¢) b times. Foreachb = 1,..., B, we
generate a sample D) ~ D by drawing pairs (ﬁgb), y§b)) from the underlying dataset D,
which contains predicted probabilities from a classifier, from which the ECDF 2 (t)
is computed. The specific interpretations and sampling mechanisms will be clarified in
the respective method subsections.
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Non-Conformity Score: The foundation of our framework is the non-conformity score,
which quantifies the discrepancy between two functional forms. For CDFs, we define
the general form of the score as:

EO4) — F(t
S(Fygb)’F):Sup| (t) — F(t)]

21
Sup o) : 21)

where o(t) is a scaling factor that can be adjusted to create different types of CBs.
Setting o(t) = 1 yields uniform CBs, with equal width across all thresholds, while
setting o (¢) based on local variability (e.g., estimated standard deviation of F at t) yields
variance-adaptive CBs, which are narrower in regions of low variability and wider in
regions of high variability. Different methods may estimate or approximate F'(t) and
o(t) differently, as detailed in their respective subsections.

Empirical Quantile Estimation: To construct CBs with a desired coverage probabil-
ity 1 — ¢, we first compute a set of non-conformity scores {s%b)}le from B sampled
functional forms. The empirical quantile is then estimated as:

Gi—. = Quantile, _ ({sﬁf’)}{il) , (22)

which represents the threshold for the non-conformity score at the (1 — ¢) level. This
quantile defines the width of the CB, with specific methods varying in how they generate
the set of scores.

Prediction Set Construction: Using the estimated quantile, we construct the general
form of the CB or prediction set as:

(L (), Un(t)] = [Fn(t) — d1-c(t), Fu(t) + 61-(1)], (23)

where 8;_.(t) = G,_. - o(t) adjusts the band width based on the quantile and scaling
factor. Here, F,,(t) typically represents an ECDF as an approximation of the true CDF
F(t), depending on the specific method.

Theoretical Coverage Guarantee: The CBs constructed using this framework provide
a theoretical coverage guarantee:

PVt € T,F(t) € [Ln(t),U,(t)]) > 1—¢, (24)

which ensures that the sampled functional form lies within the band with high probabil-
ity across all thresholds ¢t € 7. We state the coverage probability as 1 — ¢ to account
for the conservative quantile estimation in finite samples and the two-sided construction
of the CB, ensuring a robust guarantee as per Theorem 4.1. The exact interpretation of
(b) . . . .
what F; (t) represents in terms of uncertainty (e.g., aleatory versus epistemic uncer-
tainty) depends on the specific sampling method and will be discussed in the respective
subsections.
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Marginal Coverage: Band Contains True CDF on Average

0.8 ‘

o
>

Cumulative Probability
°
S
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0.0 0.2 0.4 0.6
Threshold (t)

Figure 1 Illustration of the marginal coverage property of conformal prediction bands
for ECDFs. The blue line represents the ECDF from a single calibration dataset. The
grey shaded area is the 95% CB constructed around this calibration ECDF. While
individual new ECDFs from the same data-generating process (shown in light red)
are not guaranteed to lie entirely within the band, their average (dashed orange line)
is well-contained. This demonstrates that the CB provides coverage on average, or
“marginally”, over repeated experiments.

In the following subsections, we will explore specific sampling approaches for generat-
ing multiple functional forms, such as Bootstrap, Bayesian, and Monte Carlo methods.
Each method adapts this general framework to their unique characteristics while main-
taining the core methodology for constructing CBs.

4.2.1 Extension to Future Test Set Coverage

In practical applications, we are often more interested in bounding the ECDF derived
from a future dataset rather than the true underlying CDF itself. This motivates the
extension of our CB framework to provide coverage guarantees for a test set ECDF,
F..(t), using bounds derived from a calibration set.

Thtest

While this extension may appear to introduce a more conservative bound, it appropri-
ately captures the combined uncertainty between calibration and test ECDFs relative to
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the true CDF, aligning with the practical objective of many statistical applications.

Non-Conformity Score for Test Set Coverage: We define the target non-conformity
score for test set coverage as the maximum deviation between the calibration set ECDF
and the test set ECDF, scaled by the local variability:

E, () — F,..(t
o oy ) = Fan 0]
teT J(t)

(25)

Using the triangle inequality, we can bound this score by decomposing it into deviations
from the true underlying CDF:

|Fncal (t) B Fntest (t) |

Stest — SUP
teT U(t)
() = F() 4+ (F(F) — Fre (1))
= sup
teT U(t)
|[Fe (1) — F(8)] |F(t) = Fre (1))
B SO B T

Bounding via Exchangeability: Let us develop a rigorous approach to bound the max-
imum deviation between calibration and test ECDFs. Under the assumption of dataset-
level exchangeability and equal sample sizes 71y = N5, We know that the deviations of
the calibration ECDF from the true CDF and the test ECDF from the true CDF follow
identical distributions.

Let us define:

|[Foe (1) = F(1))]

Scal = SUP

teT U(t> ’
|Fntest<t> - F<t)’
Stest = SU )
A 0

From Theorem 4.1, for any significance level £/2 € (0, 1), we have:

]P)(Scal S 61—5/2) 2 1— 5/27
P(Stest < (jlfa/Z) >1- 5/2

By the union bound, the probability that both deviations are simultaneously bounded is:

IEJ>(3cal S dl—a/2 and Stest S g1—5/2) Z 1—e. (26)
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Now, let us define our target score as the maximum deviation between the calibration
and test ECDFs:

S = SUp [ Frea(t) = Fru (0] sup |(Frea () = F(t)) — (Freu (t) — F(2))]
A teT U(t) teT U(t) '

Under the event that s¢, < §1—./2 and sies¢ < §1—c/2, We can bound st using the triangle
inequality:

|(Fry () = F(1) = (Fheo (1) = F(1))|

Sdiff = Sup
teT a(t)
E, (t)— F(t F, (t)— F(t
< sup [P = F@O| [ Fa (1) = F(2)
teT o(t) teT o(t)

= Scal T Stest
S Qe t Qe
=2- le—5/2'

Therefore:
P(sqitr < 2+ Gi—cj2) > 1 — €. (27)
This bound provides a rigorous coverage guarantee while accounting for the combined

uncertainty from both the calibration and test sets.

Adjusted Prediction Set: Based on this bound, we construct an adjusted CB for test
set coverage:

[Linga (1), Unea (8)] = [Py (8) = 2 d122(t), Py (8) + 2 01-cp2(1)], - (28)

where §;_. /2(t) = Gi—c/2 - 0(t) corresponds to the adjusted significance level /2 as
derived in our rigorous approach. This adjusted CB is designed to bound a future test
ECDF, £, (t), ensuring that it lies within the specified bounds with high probability.

Thtest

The adjusted band provides the following coverage guarantee:
]P) (Vt e TJ Fntest(t> e [anal (t)7 Uncal (t)}) Z 1 - & (29)

The coverage probability remains 1 — ¢, reflecting the conservative nature of our bound
due to the triangle inequality and the finite sample quantile estimation.
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Visualizing Marginal vs. Conditional Coverage Guarantees

Panel (a): Marginal Coverage for the True CDF Panel (b): Why Conditional Coverage is Needed

o
o

Cumulative Probability
o
=

d Conditional Band (261 - ¢p2)
o Marginal Band (61 -¢)
Other Valid ECDFs
E = Calibration ECDF
Marginal Band (61-) = New Test ECDF (Unlucky Draw)
—— Calibration ECDF p f e Uncovered Points
— True CDF / 7 — True CDF

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0 00 0.2 0.4 0.6 0.8 1.0
Threshold (t) Threshold (t)

Figure 2 The CB in panel (a) is constructed based on the ECDF from a specific real-
ization of the true CDF. It guarantees marginal coverage with band-width §;_. which
means that the true CDF is covered with probability at least 1 — €. In panel (b), sev-
eral curves are being sampled from the same distribution. However, we might get an
unlucky draw that is far away from the calibration ECDF the CBs was constructed on.
The purple points highlights the points that are outside the marginal CBs, which means
that the CB is not sufficiently wide to contain this unlucky curve. Therefore, we need to
construct a conditional CB that is wider than the marginal CB, with band-wdith 24;_. /
to ensure that the test set ECDF is covered with probability at least 1 — €.

Note that this extension assumes that n¢,; < ney for the CBs to generalize to the test
set. The intuition is that the band-width decreases as the sample size increases. If for
instance, the CBs are constructed on a calibration set with n.,; = 1000, the CBs will be
too narrow to contain the test curve with n.y = 100 which would have a larger variance
due to a smaller sample size.

4.3 Sampling Approaches for Generating Multiple CDFs

Having established the general framework for constructing CBs, we now explore spe-
cific sampling methods to generate multiple functional forms from a calibration set.
Each method adapts the general framework to its unique characteristics while main-
taining the core methodology for non-conformity scores, quantile estimation, and CB
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construction. We consider three approaches: bootstrap sampling, Bayesian posterior
sampling, and Monte Carlo sampling.

4.3.1 Bootstrap CBs

In the bootstrap framework, the reference groud truth CDF is the ECDF F,, (), computed

from the calibration set. The corresponding samples i) (t) are generated based on the
ECDEF. Using bootstrap sampling, we generate multiple instances of the ECDFs from
one calibration set as follows:

1. Let F},(t) be the ECDF of the calibration set:

n

1
Fu(t) =~ 1fpi > 1], (30)

i=1
with T = {t1,1s,...,tr} being a fixed grid of 7" thresholds.

2. Forb =1,..., B, draw a bootstrap sample (ﬁgb), ygb)) with replacement from the

calibration set:

B, y") ~ Dea 31)

3. Compute the resampled conditional ECDF for each bootstrap sample:
1 n
FO@) = =S 1" > 4. 32
W) =~ Z P > 1] (32)

If we want to get the CBs for ROC curve, we condition the ECDF on the resam-
(b)

pled true labels y;

4. Estimate the standard deviation o(¢) using the sample standard deviation across
bootstrap samples:

o(t) = % ; (F,Eb) (1) — Fn(t)>2. (33)

Following the general framework established earlier, we compute the non-conformity
scores using the supremum distance scaled by the estimated standard deviation, deter-
mine the empirical quantile, and construct the CBs with the appropriate width adjust-
ment. The resulting prediction set provides a coverage guarantee of at least 1 — ¢.
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For test set coverage extension, the CBs can be doubled in width as described in the
previous subsection, yielding a conservative bound that accounts for both calibration
and test set uncertainty.

The quantity F” (t) that the CBs [L,(t),U,(t)] are capturing with prob-
ability at least 1 — ¢ is the aleatory uncertainty of the ECDF. However,
the bootstrap approach cannot capture the epistemic uncertainty between
the ECDF and true CDF due to its inherent limitation of resampling from a
finite calibration set.

4.3.2 Beta-Binomial CBs

In the Bayesian framework, the reference CDF F'(t) is specified by the choice of priors
and corresponding posterior distribution. This is typically approximated by the ECDF
from the calibration set. The sampled functional forms F,E") (t) represent CDFs sampled
from posterior distributions, derived as the b-th ECDF sample from the true CDF F.
Bayesian methods offer an alternative framework for generating multiple CDFs from a
single calibration set by sampling from a constructed posterior distribution. For each
b =1,...,B, we generate a sample D® ~ D by drawing pairs (", 4”) from the
underlying dataset D, which contains predicted probabilities from a classifier, adapted
to the posterior distribution.

The Beta-Binomial CBs tries to model the uncertainty of the ECDF by placing priors
on the conditional CDFs at each threshold as:

Baseline Prior:  F),, (t) ~ Beta(1,1)
Baseline Prior:  F,, (t) ~ Beta(1,1)

After observing counts of the confusion matrix elements at each threshold, the posteriors
become:

Posterior:  F,,, (t)|data ~ Beta(TP(¢) + 1, FN(¢) + 1)
Posterior:  F,,,(t)|data ~ Beta(FP(¢) + 1, TN(¢) + 1)
We sample from these posteriors to generate multiple conditional CDFs:
b
F(t) ~ Beta(TP(t) + 1,FN(t) + 1) (34)
F®(t) ~ Beta(FP(t) + 1, TN(t) + 1) (35)

The remaining steps for constructing CBs follow the general framework, with the same
theoretical guarantee of coverage at probability at least 1 — e.
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The quantity F\"(t) that the CBs [L,(t), U,(t)] are capturing with prob-
ability at least 1 — ¢ is the aleatory uncertainty of the ECDF. However,
Bayesian approaches are limited by the choice of prior, which is a subjec-
tive decision that affects the uncertainty quantification.

4.3.3 Monte Carlo CBs

We now propose the main method of the thesis, which we name as Monte Carlo CBs.
The reference CDF F'(t) is the true continuous CDF, representing the ground truth. The
sampled functional forms Féb)(t) are derived from Monte Carlo simulations using the
PIT. This method addresses the limitations of both bootstrap (finite sample size) and
Bayesian approaches (subjective prior choice) by leveraging the theoretical properties
of ordered statistics.

Let {pa), D), - - - D)} be a sequence of ordered random variables with a continuous
CDF F', and ECDF:

By the PIT, we have:
d .
}/(z) :F<p(z)) Vi e {1,2,...,71,}

where Y(;) is the i-th ordered uniform random variable between 0 and 1. For the ECDF,
we have by definition:

R 7
F.(pw) = o

This relationship indicates that i /n represents the ECDF evaluated at the specific thresh-
olds p;), providing a direct link between the uniform distribution and the empirical
distribution of the data.

Using these properties, we define a distribution-free estimator of the non-conformity
score:

[Falt) — F(t)] a 5= Yol aer |
sup————— = max ———~ — Sp-.
T o(t) i€{1,2,.n} 0 (Pgy)

By the definition of the standard deviation, we have:

o (D) =/ Var(Y)
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Since Y;) ~ Beta(i,n + 1 — i), we have:

iln+1—1)
(n+1)*(n+2)

Var(Y(,)) =
The standard deviation is thus:
R i(n+1—1)

To estimate the empirical quantile, we perform B Monte Carlo simulations by sampling
from the Beta distribution:

Y(gl))) ~ Beta(i,n + 1 — 1),

forb=1,2,..., B, and compute the non-conformity scores:
i_y®
50 = max —| Vo .
i€{1,2,...,n} i(n+1—i)
(n+1)?(n+2)

Following the general framework, we estimate the empirical quantile and construct the
CBs at the ordered points p(;). The bounds are constructed around 7 /n, the ECDF value
at threshold p(;) as

[L(Pi)s Un(Biay)] = [i/n — 2+ 61-cp(P), i/m+ 2+ b1-cpo(Piay)]

for test set coverage extension. Now, leveraging the PIT, we have i/n = F,(p(;)), which
yields the following coverage guarantee:

P (Vi€ {1,2,...,n}, Fou (b)) € [Ln(Pi)), Un(Pi))]) =1 —¢,

with the prediction set:

[Ln(D(s)), Un(P(iy)] = [Fn(ﬁ(i)) — 201 cpo(Piy), Fn(Ba) +2 - 01-cpo(Biiy)| -

The significant advantage of Monte Carlo CBs is that it allows for simulating CBs for an
arbitrary calibration set size n. This flexibility enables generalization to a test set with an
arbitrary number of samples 7y by choosing an n during construction that matches the
anticipated nyg, providing a powerful tool for uncertainty quantification across varying
sample sizes.

Implementation of Monte Carlo CBs is straightforward using the Python code in Listing
1. Note that since 51_5(13@)) is a function of n, ¢, and B, the corresponding CBs are
inherently distribution-free, which we demonstrate experimentally in Section 5.
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import numpy as np

3ldef get_delta(n, epsilon=0.05, B=1000) :

i = np.arange(l, n + 1)

CDF = np.random.beta(i, n + 1 - i, size=(B, n))
ECDF =i / n

var = 1 x (n + 1 — 1) / ((n + 1) % 2 % (n + 2))
sigma = np.sqgrt (var)

scores = np.max (np.abs (ECDF - CDF) / sigma, axis=1)
confidence = np.ceil ((B + 1) = (1 - epsilon)) / B

g = np.quantile(scores, confidence)
delta = g * sigma
return delta

Listing 1: Monte Carlo CBs Implementation.

5 EXxperiments

In this section, we conduct experiments to compare the methods bootstrap CBs, Beta-
Binomial CBs, and Monte Carlo CBs. We also empirically verify the theoretical prop-
erties of the methods by performing coverage tests.

5.1 Experimental Setup

For our experiments, we generated synthetic data using the make _moons dataset with
n = 10000 samples and a noise parameter of 0.5. We split the data into three parts: 60%
for training the logistic regression model, 20% for calibration used for constructing the
CBs. Note that we have the relationship 17 = Nyain + Tcar + Nests With ngy = Ngegt

For testing, we use make _moons with the random seed being 12387, to generate 100 x
Neal pair of (z;, y;) samples, then make a batched inference using the previously trained
model. The probability predictions are organized into a matrix of dimension 100 X 7y,
representing 100 exchangeable test sets each with the same sample size as the calibration
set.

All experiments used a confidence level of 1 —e = (.95, corresponding to 95% CBs us-
ing Equation (23) unless otherwise specified. The implementation used a threshold grid
of 500 equally spaced points between 0 and 1, unless otherwise specified. For bootstrap-
based methods, we generated B = 1000 samples. All experiments were conducted with
a fixed random seed 42 to ensure reproducibility.
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Logistic Regression Decision Boundary
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Figure 3 A logistic regression model trained on the make moons dataset with 60%
training. The markers and the decision boundary are created based on the calibration
set.

5.2 Consistency of Bootstrap CBs

The theory of bootstrap, see Equation (1), suggests that the bootstrap CBs is consistent,
that is, with a large n., and B, the CBs of bootstrap will be close to the true CBs. We
will benchmark the bootstrap CBs against the DKW based CBs as it provides us with
an explicit form of the CBs. A central question we aim to investigate is:

Does the bootstrap CBs demonstrate the theoretically expected conver-
gence behavior with respect to sample size and significance level?
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We will set 0,,(t) = 1 forall ¢ € [0, 1] to match the formulation of the DKW inequality:

5175(15) = 5175 ~ 1n(2/6)

2ncal

The first part is to fix ¢ = 0.05 and B = 1000, and then repeating the experiment
for various values of n € {500, 2000, 8000, 32000} to study the relationship between
BVACB and DKW based bounds, see Figure 4.

FPR: & VS Ncar TPR: 6 VS Ny

® Bootstrap ® Bootstrap
Fit Fit
—— DKW — DKw

10-14

102 10° 102 10°
Neal Neal

Figure 4 Studying the relationship b1 ~ O(n~1/?) for FPR and TPR respectively.
The slope of the line fitted from the datapoints aligns well with the theoretical DKW
reference, indicating an inverse square root law.

What we see is that the estimated Jgpg and Otpr closely matcheg the theoretical val-
ues proposed by the DKW inequality. This is an indication that 6;_. ~ ©(n~'/2) for
bootstrap CBs.

Now, we perform a similar study by fixing n = 10000, but varying the significance level
e € {0.64,0.16,0.04,0.01}. A good fit relative to the corresponding outcome from the
DKW inequality would indicate a 67 _ ~ O(log (1/¢)) relationship.
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FPR: 62 vs log(1/¢) TPR: 62 vs log(1/g)

® Bootstrap ® Bootstrap
0.0025 A it . Fit
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0.0010 A
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Figure 5 Studying the relationship 62__ ~ ©(log (1/¢)) for FPR and TPR respectively.
The slope of the line fitted from the datapoints aligns well with the theoretical DKW
reference, indicating a logarithmic law.

In conclusion, experiments show that across several orders of magnitudes, the bootstrap
CBs is consistent for o,,(¢) = 1, aligning with the theoretical property of bootstrap,

yielding a good approximation in the form of 51~ %

5.3 Comparing Monte Carlo with Bootstrap CBs

We now show that the Monte Carlo CBs is capable of modeling the epistemic uncer-
tainty that arises from finite number of samples from the calibration set. We aim to
answer the following question:

How does the Monte Carlo CBs perform against bootstrap CBs as the
number of samples n is varying?

To answer it, we set up three expreiments by varying the total number of samples n
for the data generating process make moons, this means that the corresponding train-
ing, calibration, and test set will also vary. As these sets changes, we expect that the
distribution for the test set will vary, the goal is thus to verify whether if the Monte
Carlo CBs will faithfully account for the distribution shifts due to increased sample
size. Previously, we have shown that bootstrap is consistent with respect to the DKW
inequality. We will assume that the consistency property generalizes for the variance-
adaptive correspondence. Therefore, we should expect that the bounds from the Monte
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Carlo CBs will have a similar behavior as the bootstrap CBs reference. We demonstrate
the behavior of the Monte Carlo CBs in Figure 6.

Ncar = 2000 Nncar = 10000

0.8

064 |

True Positive Rate

04

0.2

—— Monte Carlo CBs
Bootstrap CBs

-=-=- Random
o Testsamples

0.0

0.0 02 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10
False Positive Rate False Positive Rate False Positive Rate

Figure 6 Comparing the Monte Carlo CBs with bootstrap CBs where the CBs are con-
structed using the calibration set. The point-clouds correspond to the PDF of the 100
test curves visualized as black point-clouds. We observe that both bootstrap CBs and
Monte Carlo CBs are able to faithfully construct the CBs. The Monte Carlo CBs are
consistently wider than bootstrap CBs because it accounts for the sampling bias from the
calibration set. However, the difference between these two methods have a tendency to
converge as the sample size increases, which is expected considering that the bootstrap
CBs is consistent. This holds across two orders of magnitude of sample size, validating
our theoretical analysis.

The consistent narrowness of bootstrap CBs compared to Monte Carlo CBs can be
further explained through the triangle inequality. When considering the total uncer-
tainty in predicting a test set CDF from a calibration set, we can decompose it as
| Feal — Flest| < |Feal — Firve| + | Firue — Flest|» Where Fy, is the calibration ECDF, Fi is the
test ECDF, and Fi,. is the true underlying CDF. Bootstrap methodology inherently fo-
cuses only on the variability within the calibration set (aleatory uncertainty), effectively
treating | Fry — Fine| as negligible or underestimating it. In contrast, Monte Carlo CBs
account for both components of uncertainty, the epistemic uncertainty between the em-
pirical and true CDFs, as well as the sampling variability. This fundamental difference
in uncertainty quantification explains why Monte Carlo CBs yield wider bands, par-
ticularly at smaller sample sizes where the epistemic uncertainty is more pronounced.
As sample size increases and |F.y — Fie| — 0, both methods naturally converge, as
observed in the rightmost panel of Figure 6.
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5.4 Monte Carlo CBs on ECG Data

In this part, we demonstrate how Monte Carlo CBs performs on real world data by
conducting an experiment on ECG data. We then use a deep neural network to perform
a binary classification task. The key question guiding this experiment is:

Can the Monte Carlo CBs method maintain its theoretical properties
when applied to complex real-world data and sophisticated model ar-
chitectures?

We aim to convince the reader that Monte Carlo CBs works independently of the model
class and dataset, only the predicted probabilities and the corresponding labels are
needed. We visualize the CBs as well as the threshold-wise intervals in Figure 7 with the
same data proportions as the make_moons dataset, e.g., 60% training, 20% calibration,
and 20% test. The intervals are computed using

while the global CBs are computed using

b
D _ g E2 () — F(1)
teT U(t)

5(
Sn

Since we have a limited calibration set, the point clouds are approximated using boot-
strap for reference.
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Confidence Bands vs Intervals for ECG dataset

Figure 7 Comparing threshold-wise confidence intervals and global CBs for the Monte
Carlo CBs applied on an ECG dataset with probabilities predicted by a deep neural
network. The ROC curves are computed using the adaptive thresholds. The point clouds
are approximated using bootstrap for reference. We observe that the threshold-wise
intervals are much tighter than the global CBs, faithfully covering the bootstrap samples,
but misses some parts of the test curve around FPR ~ 0.39.

Experiments show that the Monte Carlo CBs is agnostic to the model class and dataset,
which aligns with the theory. This is because the non-conformity score is distribution
free as suggested in Section 4.3.3.

Furthermore, we see that the threshold-wise intervals roughly reflects the behaviour
of the bootstrap samples. This is expected because of the consistency property of the
bootstrap CBs, the sample size of n. = 2000 is sufficiently large to provide a good
approximation of the true CDF. We can alternatively interpret the Monte Carlo quantile-
based confidence intervals as a bootstrap-like method, but the intervals does not suffer
from sampling bias from the calibration set.

5.5 Impact of Threshold Choice

Constructing a CDF involves the selection of thresholds used to map classifier scores
to binary predictions. One option is to impose an external structure, such as a fixed
number of evenly spaced thresholds spanning the potential score range. Alternatively,
one can adopt a data-driven approach, using the distinct score values observed in the
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dataset as the natural threshold points, e.g., the thresholds are defined according to the
ordered random variables with ¢; = p;. Through our experiments, we address the
critical question:

How does the choice between fixed and adaptive thresholds affect the
coverage properties of Monte Carlo CBs, particularly at the extremes
of the distribution?

We show that there is a difference in the performance of Monte Carlo CBs when using
these two different threshold choices.

We begin by evaluating the performance of Monte Carlo CBs given a Beta distribution,
this allows us to generate arbitrary number of 1.i.d. test points as well as the true CDF
for reference, see Figure 8.

Monte Carlo CB for Beta(5,5) with fixed thresholds

—— Exact CDF Beta(5,5)
10 Monte Carlo CB

0.8

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 8 Plotting the Monte Carlo CBs for the Beta distribution with parameters o = 5
and # = 5 with a fixed number of thresholds given by ¢; = nil fore =1,2,...,n with
n = 500. The black point clouds are simulated empirical CDFs based on samples from

the Beta distribution.

We then compare Figure 8 with the corresponding results when using adaptive thresh-
olds, see Figure 9.

A critical observation when comparing these two figures is the difference in how the
CBs behave at the extremes of the interval. In Figure 8, using fixed thresholds, the



Monte Carlo CB for Beta(5,5) with adaptive thresholds
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Figure 9 Plotting the Monte Carlo CBs for the Beta distribution with parameters o = 5
and 8 = 5 with adaptive thresholds, e.g., t; = p(;). The black point clouds are simulated
empirical CDFs based on samples from the Beta distribution.

orange CBs fully cover the entire [0, 1] interval, extending all the way to both boundary
points. In contrast, Figure 9 shows that with adaptive thresholds, the orange bands do
not completely cover the extremes, they begin slightly above 0 and end slightly below
1.

This limitation of adaptive thresholds arises from their dependence on observed data
points. Since adaptive thresholds are derived from order statistics (£; = p(;)), they are
inherently bounded by the minimum and maximum values observed in the calibration
set. This means that for rare events in the tails of the distribution, where no samples
might be observed in a finite dataset, the adaptive threshold approach provides no cov-
erage guarantees. Fixed thresholds are predetermined to span the entire theoretical range
of the random variable regardless of the observed data, ensuring coverage across the full
domain. The trade-off is that fixed thresholds might allocate computational resources
to regions with no data, while adaptive thresholds concentrate on regions where data
is actually observed, potentially providing tighter bounds in those areas. However, this
comes at the cost of potentially missing coverage in the extreme tails of the distribution.
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5.6 Empirical Coverage Test for Monte Carlo CBs

We perform a coverage test to verify the theoretical properties of Monte Carlo CBs. The
key question we aim to answer is:

How does the empirical coverage of Monte Carlo CBs compare to the
expected theoretical coverage across different sample sizes and signifi-
cance levels?

To answer this question systematically, we conduct a comprehensive ablation study with
the following varying variables:

 Sample sizes n € {10, 25, 50, 400, 2000, 10000}
* Significance levels ¢ € {0.01,0.025,0.05,0.075,0.1,0.15,0.2}

For each combination, we generate B = 5000 bootstrap samples and an equal number
of test curves from a uniform distribution and construct CBs around the true CDF. We
then measure what fraction of the ECDFs fall completely within these bands, giving us
the empirical coverage rate.

In a properly calibrated CB, the empirical coverage should closely match the expected
theoretical coverage of 1 — <. Any discrepancy between these values indicates potential
over-coverage or under-coverage. Figure 10 presents the results as a heatmap of dis-
crepancies between the empirical and expected coverage (empirical —expected). Several
interesting patterns emerge:
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Coverage Rate Discrepancy (Empirical - Expected)

B Empirical < Expected
Empirical > Expected

0.016

25 0.006 0.016 0.009 0.041 0.062 0.020 0.039

50 0.009 0.020 0.039 0.047 0.062 0.104 0.140

Sample Size (n)

400 0.009 0.022 0.042 0.066 0.090 0.122 0.166

2000 0.010 0.025 0.043 0.068 0.091 0.137 0.185

10000 0.009 0.024 0.045 0.070 0.093 0.142 0.193

0.010 0.025 0.050 0.075 0.100 0.150 0.200
Significance Level (¢)

Figure 10 Discrepancy between empirical and expected coverage rates for CBs across
different sample sizes and significance levels. Black cells indicate regions where empir-
ical coverage is lower than expected, while white cells show where empirical coverage
exceeds the expected rate. The numerical value in each cell represents the exact magni-
tude of the discrepancy. We observe that in the case of small sample sizes, the Monte
Carlo CBs is under-covering, while for large sample sizes, the Monte Carlo CBs is over-
covering.

* Sample size effect: At the smallest sample size (n = 10), the CBs exhibit a
mixed behavior with predominantly negative discrepancies (under-coverage) for
most significance levels, notably at e € {0.01,0.025,0.075,0.1,0.15}, with the
exception of positive discrepancies at ¢ = 0.05 and € = 0.2. In stark contrast, for
all larger sample sizes (n > 25), the CBs consistently demonstrate over-coverage
with positive discrepancies across all significance levels.

* Monotonic increase with sample size: For each fixed significance level, the dis-
crepancy generally increases monotonically with sample size. This indicates that
the bands become progressively more conservative as sample size increases, con-
trary to the expectation that larger samples should lead to more precise coverage.

* Significance level effect: The largest positive discrepancies occur at higher sig-
nificance levels (¢ = 0.15 and € = 0.2) and larger sample sizes, reaching values as
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high as 0.193 for n = 10000 and € = 0.2. This suggests that the Monte Carlo CBs
are particularly conservative when both the sample size and significance level are
large.

* Consistent over-coverage at moderate and large sample sizes: For practical
applications with moderate to large datasets (n > 25), the CBs consistently pro-
vide more coverage than theoretically required, which can be beneficial from a
risk-averse perspective but may lead to unnecessarily wide bands.

These findings reveal an interesting property of Monte Carlo CBs: rather than converg-
ing exactly to the expected theoretical coverage as sample size increases, they tend to
maintain and even increase their conservative nature. This systematic over-coverage
appears to be an intrinsic characteristic of the method rather than a statistical anomaly,
and may be attributed to the inherent properties of the supremum-based non-conformity
score used in Monte Carlo CBs. These results suggest that Monte Carlo CBs provides
reliable (albeit conservative) CBs across a wide range of sample sizes and significance
levels, with the only case of potential under-coverage occurring at very small sample
sizes (n = 10).

5.7 Beta-Binomial CB for ROC Curves

After establishing the coverage properties of both Monte Carlo CBs and Beta-Binomial
CBs through controlled experiments, we now compare their performance in constructing
CBs for ROC curves in a more realistic setting. In this comparison, we investigate:

How do the Beta-Binomial CBs compare with Monte Carlo CBs in
terms of width, shape, and convergence properties as sample size in-
creases?

We use the same experimental setup as the previous section 5.3, but with the Beta-
Binomial approach instead of bootstrap to construct the CBs.
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Figure 11 Comparison of Monte Carlo CBs and Beta-Binomial CBs for ROC curves
across different calibration set sizes. Black dots represent 100 test set ROC curves.

Figure 11 illustrates the CBs constructed by both methods across three different calibra-
tion set sizes. Several key observations emerge:

* Convergence with increasing sample size: For small calibration sets (n. =
400), both methods produce relatively wide CBs, with the Beta-Binomial ap-
proach yielding slightly wider bands particularly in the middle sections of the
ROC curve. As the calibration set size increases to n¢; = 2000 and further to
nea = 10000, the bands from both methods narrow considerably and converge
toward similar boundaries.

* Variance adaptation: Both methods demonstrate variance-adaptive properties,
with wider bands in regions of higher uncertainty (typically in the middle sec-
tions of the ROC curve) and narrower bands near the extremes where variance
is inherently lower. This illustrates the effectiveness of the variance scaling ap-
proach in both methods.

* Prior influence: The Beta-Binomial CBs tend to be consistently wider than
Monte Carlo CBs across different calibration set sizes, particularly noticeable in
the smaller sample size regime. This is likely due to the uniform prior (Beta(1, 1))
adding pseudo-counts to the confusion matrix elements, which systematically
over-estimates uncertainties compared to the distribution-free Monte Carlo ap-
proach. The effect of this prior over-estimation diminishes as sample size in-
creases, which explains the convergence between methods at larger 7, values.

* Test curve containment: Visual inspection suggests that both methods success-
fully contain the vast majority of the 100 test ROC curves (shown as black dots),
even at the smallest calibration set size. This aligns with our earlier empirical
coverage tests showing that both methods tend toward over-coverage, particularly
at larger sample sizes.
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* Practical differences: For n. = 400, the Beta-Binomial bands appear more
jagged and less smooth compared to Monte Carlo CBs, likely due to the direct in-
fluence of the observed confusion matrix counts on the Beta posterior parameters.
At larger sample sizes, this difference becomes negligible.

These visual comparisons substantiate our earlier findings from the empirical coverage
tests. The similarity in band shape and width between the two methods, especially
at larger sample sizes, reinforces our conclusion that the behavior is inherent to the
variance-adaptive conformal prediction approach rather than to the specific method of
generating samples.

The practical implications are significant: practitioners can choose either method based
on computational considerations or conceptual preference without substantial differ-
ences in the resulting CBs, particularly for moderate to large calibration sets. The Beta-
Binomial approach may be conceptually simpler for those familiar with Bayesian statis-
tics, while the Monte Carlo CBs method connects more directly to the theory of order
statistics and empirical CDFs.

Regardless of the chosen method, our experiments demonstrate that both approaches
provide robust uncertainty quantification for ROC curves, with CBs that appropriately
adapt to regions of varying uncertainty while maintaining the target coverage level.

5.8 Empirical Coverage Test for Beta-Binomial CBs

We investigate whether if the Beta-Binomial CBs is a valid candidate for constructing
CBs with desired coverage rate. We aim to answer the following question:

How does the empirical coverage of CBs constructed using the Beta-
Binomial CBs compare to the expected theoretical coverage across dif-
ferent sample sizes and significance levels?

The experimental set-up is similar to the previous section, except that we use the Beta-
Binomial model to construct the CBs. We then measure the empirical coverage rate of
the CBs and compare it to the expected theoretical coverage.
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Coverage Rate Discrepancy (Empirical - Expected) - Beta-Binomial

B Empirical < Expected
Empirical > Expected

0.024

25 0.006 0.018 0.021 0.041 0.062 0.095 0.057

50 0.010 0.019 0.040 0.046 0.072 0.107 0.153

Sample Size (n)

400 0.009 0.024 0.0a5 0.066 0.094 0.138 0.169

2000 0.010 0.025 0.044 0.069 0.091 0.139 0.186

10000 0.010 0.024 0.045 0.070 0.094 0.143 0.193

0.010 0.025 0.050 0.075 0.100 0.150 0.200
Significance Level (¢)

Figure 12 Discrepancy between empirical and expected coverage rates for CBs across
different sample sizes and significance levels. Black cells indicate regions where em-
pirical coverage is lower than expected, while white cells show where empirical cov-
erage exceeds the expected rate. The numerical value in each cell represents the exact
magnitude of the discrepancy. We observe that in the case of small sample sizes, the
Beta-Binomial CBs is under-covering, while for large sample sizes, the Beta-Binomial
CBs is over-covering.

Figure 12 displays the discrepancy between empirical and expected coverage for the
Beta-Binomial CBs. Overall, we observe a similar result as the Monte Carlo CBs.
These parallel findings suggest that the observed pattern is not unique to either method
but may be inherent to the approach of constructing CBs for CDFs using the variance-
adaptive non-conformity scores. The Beta-Binomial CBs, despite its different math-
ematical foundation, produces quantitatively similar coverage behavior as the Monte
Carlo CBs. However, the CBs are consistently wider due to the uninformative uniform
prior.
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5.9 Empirical Coverage Test Using the Standardized L2 Norm

To further investigate the source of the over-coverage phenomenon observed with the
supremum-norm, we conducted an additional experiment using the Monte Carlo CBs
framework, but replaced the supremum-norm in the non-conformity score with the stan-
dardized L2 norm, see Equation (11). We aim to answer the following question:

Is the over-coverage phenomenon a consequence of using the standard-
ized supremum-norm as the non-conformity score?

The experiment was implemented using the same Monte Carlo simulation approach as
before, with the only exception that the empirical coverage is computed by checking
whether if the non-conformity scores for new test instances are below the empirical
quantile. This is mathematically equivalent of explicitly checking each point of the
CDF [AB22]. The results, shown in Figure 13, reveal that the empirical coverage rates
do not exhibit a consistent pattern of over-coverage as sample size increases.

Coverage Discrepancy (Empirical - Expected) using L2 Norm

W Empirical < Expected
Empirical > Expected

0.005

Sample Size (n)

0.010 0.025 0.050 0.075 0.100 0.150 0.200
significance Level (€)

Figure 13 Coverage Discrepancy (Empirical - Expected) using standardized L2 Norm as
the non-conformity score for Monte Carlo CBs. Black cells indicate empirical coverage
below expected, white cells above. No systematic over-coverage is observed.
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This experiment supports the hypothesis that the over-coverage observed with the supremum-
norm is a consequence of its scaling properties, rather than an inherent flaw in the
variance-adaptive conformal prediction framework. When the numerator part of the
non-conformity score is scaled by a non-comparable denominator, the empirical cover-

age tends to be missaligned.

6 Discussion

This thesis has addressed the challenge of how to reliably quantify uncertainty in the
performance evaluation of binary classifiers. The need for robust uncertainty quantifi-
cation in ROC curves arises from the inherent variability in model performance across
different datasets and the critical importance of reliable decision-making in high-stakes
applications. Our work has yielded several successful approaches for constructing CBs
around ROC curves, with the Monte Carlo CBs, demonstrating particularly strong prop-
erties in terms of conditional coverage, finite-sample guarantees, distribution-free, and
variance adaptivity.

6.1 Theoretical Connections Between Methods

An interesting theoretical insight emerged from our investigation of the three uncer-
tainty quantification methods: despite their different mathematical foundations, Monte
Carlo CBs, Beta-Binomial CBs, and bootstrap CBs exhibit remarkably similar asymp-
totic behavior. This connection helps explain why our experimental results revealed in-
creasingly similar performance metrics and coverage patterns as sample size increased.

6.1.1 Asymptotic Behavior of Monte Carlo CBs

In the Monte Carlo approach, we directly leverage the distribution of order statistics
through the PIT, where the ¢-th order statistic follows a Beta distribution:

Y ~ Beta(i,n + 1 — 1)

The variance-adaptive scaling factor in this method is:

o iln+1—1)
o (b)) = \/(n F1)2(n+2)




For large n and when i is proportional to n (i.e., i/n ~ F\(t)), this expression ap-
proaches:

L iln+1—1)
- \/nF(t)(n—nF(t))

n2-n

_ \/F(t)(l —- F@))

n

This is precisely the standard form of the variance for a binomial proportion scaled by
sample size, which appears in variance-adaptive concentration inequalities such as the
one by Bartl and Mendelson [BM23]. This demonstrates that Monte Carlo CBs intrin-
sically adapt to the local variance structure of the CDF without requiring asymptotic
assumptions, while still converging to the theoretically expected form as n increases.

6.1.2 Asymptotic Behavior of Beta-Binomial CBs

The Beta-Binomial approach models uncertainty through Beta posteriors at each thresh-
old:

F,, (t)|data ~ Beta(TP(¢) + 1,FN(¢) + 1)
F,,(t)|data ~ Beta(FP(t) + 1, TN(¢) + 1)
As the sample size increases, these Beta distributions approach normality according

to the Bernstein-von Mises theorem (see Section 2.5.2). For large n, if we denote
TPR(t) = TP(t)/(TP(t) + FN(¢)) and FPR(¢) = FP(t)/(FP(t) + TN(t)), then:

Beta(TP(t) + 1,FN(t) + 1) = NV (TPR( ), TPR(#)(1 — TPR(t)))

FPR(#)(1 . FPR(t))>

N

Beta(FP(t) + 1, TN(t) + 1) = N <FPR(t),

This shows that for large sample sizes, the Beta-Binomial approach effectively con-
structs normal confidence intervals with variance scaling according to the same p(lT_p)

formula that emerges in the asymptotic behavior of Monte Carlo CBs.

Ix



6.1.3 Asymptotic Behavior of Bootstrap CBs

The bootstrap approach relies on resampling to estimate the sampling distribution of
the ECDF. For a specific threshold ¢, the ECDF F,,(t) represents an average of i.i.d.
Bernoulli random variables with parameter p = F'(¢). By the Central Limit Theorem,
as n increases:

Vi(E,() = (1) S N(0, F(t)(1 = F(1)))

This implies that for large n, the variance of F),(t) is approximately w The
bootstrap variance estimator converges to this theoretical variance as both n and the
number of bootstrap samples B increase:

B-1 n

LS (R0 - Fay)t B FOO=FO)

6.1.4 Unified Asymptotic Behavior

What emerges from this analysis is a striking convergence: all three methods, Monte
Carlo, Beta-Binomial, and bootstrap, utilize different theoretical foundations but ulti-
mately converge to the same asymptotic variance structure:

F)(1 = F@))

o2 (t) = -

This explains the similar patterns observed in our empirical coverage tests, particularly
for moderate to large sample sizes, see Figures 10 and 12 in Section 5. The coverage rate
discrepancies for both Monte Carlo CBs and Beta-Binomial CBs exhibit nearly identical
patterns as sample size increases, with both methods showing consistent over-coverage
of similar magnitude for n > 25.

While the methods differ in how they quantify uncertainty for small sample sizes,
with Monte Carlo CBs providing exact finite-sample guarantees through order statis-
tics, Beta-Binomial CBs leveraging conjugate priors, and bootstrap CBs using empiri-
cal resampling, they converge to equivalent behavior as the sample size increases. This
unification of seemingly disparate approaches under a common asymptotic framework
provides a deeper theoretical understanding of uncertainty quantification for CDFs and
ROC curves.
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6.2 Limitations and Assumptions

While our methods demonstrate strong theoretical properties and empirical performance,
several limitations and assumptions should be acknowledged:

6.2.1 Threshold Dependency

As demonstrated in the experiments, the choice between fixed and adaptive thresholds
can impact the performance of the CBs. While adaptive thresholds generally performed
better in our experiments, this highlights the sensitivity of the methods to implementa-
tion choices.

6.2.2 Conservativeness of Conditional Coverage

To bound any future test curve, we had to apply triangle inequality and union bound to
the non-conformity score, which resulted in CBs that was effectively more than twice
as wide as the CBs for achieving marginal coverage. Although strong theoretical guar-
antees are achieved, the CBs became very wide.

6.2.3 Limitation in the Beta-Binomial Approach

A fundamental limitation in the Beta-Binomial approach is the independent modeling
of TPR and FPR at each threshold. The posterior distributions are defined separately:

Posterior:  F,,, (t)|data ~ Beta(TP(¢) + 1, EN(¢) + 1)
Posterior:  F,, (t)|data ~ Beta(FP(t) + 1, TN(¢) + 1)

This modeling choice means the joint uncertainty of TPR and FPR at any threshold is
represented as a product of independent distributions rather than a true bivariate distri-
bution. Consequently, the Beta-Binomial model fails to capture the natural correlation
between TPR and FPR that exists in practice, particularly for classifiers that produce
similar score distributions for positive and negative classes. This independence assump-
tion results in a loss of information about the joint behavior of confusion matrix ele-
ments.
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6.3 Future Work

As this thesis has laid a robust foundation for uncertainty quantification in binary clas-
sification through CBs for ROC curves and CDFs, several promising directions emerge
for future research. These directions aim to address current limitations and extend the
applicability of the proposed methods, particularly in real-world, high-stakes domains
such as healthcare. Below, we outline key areas of exploration that build on the theoret-
ical and empirical insights developed in this work.

6.3.1 Adaptation to Distribution Shifts

A critical assumption in the current framework (e.g., Monte Carlo CB) is dataset-level
exchangeability between calibration and test sets, as discussed in Section 4.1.1. How-
ever, real-world applications often encounter distribution shifts, where the test data dis-
tribution diverges from the training or calibration data due to evolving patient demo-
graphics, changing environmental conditions, or equipment variations. Such shifts can
undermine the coverage guarantees of our CBs, limiting their reliability in dynamic
settings.

Future work will focus on developing robust uncertainty quantification methods that
maintain validity under distribution shifts, drawing on advances in distributionally ro-
bust learning and covariate shift correction. One approach could involve integrating im-
portance weighting into the conformal prediction framework, estimating density ratios
between calibration and test distributions to adjust non-conformity scores or sampling
weights in Monte Carlo and bootstrap processes. Additionally, exploring online updat-
ing mechanisms, where CBs are dynamically refined as new data arrives could enable
real-time adaptation to detected shifts.

6.3.2 Generalization to Multi-Class and Multi-Label Classification

The current thesis focuses on binary classification, where ROC curves are directly repre-
sented as transformations of ECDFs conditional on the class label. However, many crit-
ical applications, particularly in medical diagnostics, involve multi-class or multi-label
classification tasks—such as detecting multiple cardiac conditions from ECG data—where
performance evaluation and uncertainty quantification are more complex due to inter-
class dependencies and higher-dimensional metrics.

Future research will extend the conformal prediction framework to multi-class set-
tings by constructing CBs for one-vs-rest ROC curves or higher-dimensional metrics
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like the Volume Under the ROC Surface. A key challenge is modeling dependen-
cies between class-specific CDFs, which could be addressed through multivariate non-
conformity scores or copula-based approaches. For multi-label settings, per-label CBs
for precision-recall curves or aggregated metrics like Hamming loss will be explored,
incorporating label correlations via graphical models. Theoretical efforts will focus
on deriving finite-sample coverage guarantees for these higher-dimensional functionals,
building on the principles established in Theorem 4.1.

6.3.3 Adressing the Conservativeness of Conditional Coverage

A key limitation in the current framework for constructing CBs around ROC curves
is the conservative assumption of a worst-case scenario, where the calibration curve is
positioned at an extreme opposite to the test curve. This assumption, enforced through
the triangle inequality for conditional coverage guarantees, results in CBs that are effec-
tively twice as wide as those for marginal coverage. However, with a moderately large
and balanced calibration set, such extreme divergence is unlikely to occur in practice.
Addressing this conservativeness by evaluating the balance of the calibration set offers
a pathway to significantly reduce CB widths, potentially by a factor close to 2, thereby
enhancing the practical utility of uncertainty quantification in binary classification.

Future research could explore the use of k-fold cross-validation to measure the degree of
balance within the calibration set and adjust the conservativeness of CBs accordingly.
By splitting the calibration set into k subsets (folds) and computing ROC curves for
each fold, we can examine the aleatory uncertainty across these subsets to infer balance
or imbalance. High variability in ROC curves across folds would indicate potential im-
balances, suggesting that subsets of the calibration set may not be representative of the
overall distribution, even if sampled in an i.i.d. manner. Additionally, identifying folds
that significantly deviate from the majority could highlight local subset imbalances.
Ideally, we would observe relatively evenly distributed ROC curves across folds with
small variance, indicating coherence and balance where each subset behaves roughly
the same. This assessment of balance could then inform the adjustment of CB widths,
reducing the multiplier used in test set coverage extensions (e.g., from 2 to a value closer
to 1) when the calibration set is deemed well-balanced. Theoretical efforts should focus
on deriving coverage guarantees under these relaxed assumptions, while practical im-
plementations would require defining metrics for variability (e.g., variance in AUC or
pointwise TPR/FPR) and thresholds for balance that trigger width adjustments.
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6.3.4 Estimating Variance-Adaptive Constants

In the pursuit of precise CBs for CDFs and ROC curves, understanding the deviation of
the ECDF from the true CDF as a function of £ and sample size n is essential. Bartl
and Mendelson’s variance-adaptive DKW inequality offers a promising framework by
scaling deviations with local variance o (t) = \/F(t)(1 — F(t))/n, potentially yielding
tighter bounds than uniform-width approaches. However, the undetermined absolute
constants ¢y and ¢; in their formulation limit direct application. Moreover, current meth-
ods like Monte Carlo CBs, while distribution-free and effective, require computationally
intensive Monte Carlo simulations (B simulations for n data points) to estimate the de-
viations 0;_.. Establishing an empirical relationship for delta based on ¢ and n could
enable simulation-free, efficient CB construction, significantly enhancing the practical
utility of uncertainty quantification in finite-sample settings.

Future research could focus on empirically estimating the constants ¢, (related to the
lower bound of the squared deviation, 62 > ¢, long“g”) and ¢ (related to the scaling of

epsilon, § = 4/ %) in Bartl and Mendelson’s inequality through an extensive simu-
lation setup. This would involve conducting experiments across a wide range of sample
sizes n and confidence levels 1 — € using both synthetic datasets. For each combination,
the ECDF would be computed, the supremum deviation scaled by local variance mea-
sured, and curve-fitting or regression techniques applied to estimate ¢, and ¢;. Leverag-
ing the distribution-free property of delta in Monte Carlo CBs, as demonstrated in this
thesis, ensures that results should be consistent across datasets.

6.3.5 Confidence Intervals for Probability Predictions

While this thesis has focused on constructing CBs for global performance metrics like
ROC curves, the underlying Monte Carlo framework naturally suggests a pathway for
uncertainty quantification at the level of individual probability predictions. Specifically,
it is possible to construct confidence intervals for the true probability associated with a
given classifier output p by leveraging the distribution over CDFs implied by the Monte
Carlo CBs.

The key idea is to use the Monte Carlo CBs methodology to estimate the probability
density over the space of CDFs. This can be achieved by gradually varying the sig-
nificance level ¢ in the Monte Carlo CB construction, thereby mapping out the density
of plausible CDFs that are consistent with the observed data. As the significance level
changes, a family of CBs is obtained, and the rate at which CDFs exit or enter these
bands provides an empirical estimate of the probability density over the CDF space.
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Using this estimated density, one can sample plausible CDFs directly from the function
space characterized by the Monte Carlo CBs. Each sample represents a possible real-
ization of the true CDF, consistent with the observed data and the uncertainty quantified
by the Monte Carlo approach.

Once a plausible CDF is sampled from this space, it can be interpolated to form a
smooth, continuous function. This function then allows for mapping any classifier score
p to a corresponding probability value using inverse transform sampling. Repeating this
sampling and mapping process generates an entire ensemble of potential true probabili-
ties for the score p. The distribution of this ensemble directly reflects the uncertainty in
the prediction, from which a statistically sound, non-biased confidence interval can be
constructed by taking its quantiles. This approach directly leverages the Monte Carlo
CBs’ ability to characterize the uncertainty in the CDF itself and translates it into un-
certainty for individual predictions. It avoids the need to estimate PDFs via differentia-
tion or to rely on parametric assumptions, instead using the empirical distribution over
CDFs as the foundation for uncertainty quantification. This method provides a princi-
pled, simulation-based way to generate confidence intervals for classifier outputs, and
represents a promising direction for future research in model calibration and uncertainty
quantification.

7 Conclusion

This thesis has addressed the challenge of how to reliably quantify uncertainty in the
performance evaluation of binary classifiers. The need for robust uncertainty quantifi-
cation in ROC curves arises from the inherent variability in model performance across
different datasets and the critical importance of reliable decision-making in high-stakes
applications. Our work has yielded several successful approaches for constructing CBs
around ROC curves, with the Monte Carlo CBs, demonstrating particularly strong prop-
erties in terms of conditional coverage, finite-sample guarantees, distribution-free, and
variance adaptivity.

The central contribution of this work is the development of the Monte Carlo CBs, a
method that leverages the theoretical properties of order statistics and the PIT to con-
struct CBs with strong theoretical guarantees. Unlike existing methods that often rely
on asymptotic assumptions or are limited by the sample size of the calibration set, our
approach provides distribution-free, finite-sample guarantees that are independent of
the classifier and dataset. We have shown that this method can be extended to provide
coverage for future test sets, a crucial property for practical applications.

Through extensive empirical evaluation, we have demonstrated the consistency of boot-
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strap CBs and compared our proposed method against it. Our results show that Monte
Carlo CBs provides a more robust uncertainty quantification by accounting for the epis-
temic uncertainty that arises from finite sample sizes. We have also explored a Bayesian
alternative, the Beta-Binomial CBs, which yielded similar results but was found to be
more conservative due to its reliance on priors. Our experiments on both synthetic and
real-world ECG data have confirmed the practical applicability and theoretical sound-
ness of our approach.

This work not only provides a practical and reliable tool for uncertainty quantification
in ROC analysis but also contributes to a deeper understanding of the theoretical foun-
dations of CB construction. By highlighting the connection between ROC curves and
CDF uncertainty quantification, we have opened up new avenues for research in this
area. Future work could explore the development of alternative non-conformity scores
to address the conservatism of the supremum-norm, investigate the impact of different
dataset-level exchangeability assumptions, and explore the application of our frame-
work to other areas of machine learning where uncertainty quantification is critical.
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